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We study the operator product expansion (OPE) of the auxiliary scalar field λ(x) with itself, in
the conformally invariant O(N) Vector Model for 2 < d < 4, to leading order in 1/N in a strip-like
geometry with one finite dimension of length L. We show that consistency of the finite-geometry
OPE with bulk OPE calculations requires the physical conditions of, either finite-size scaling at
criticality, or finite-temperature phase transition.
I. INTRODUCTION
Euclidean conformal field theory (CFT) describes sys-
tems at second order phase transition points where the
renormalised correlation length ξ becomes infinite [1,2].
For a theory in the bulk, such points, if they exist,
are reached when an appropriate parameter (i.e. renor-
malised coupling) takes a “critical” value. The same the-
ory defined in finite-geometry, i.e. a hyper-strip with one
finite dimension of length L, can also exhibit critical be-
haviour when the renormalised coupling retains its bulk
critical value. In such a case, the correlation length is
not infinite but it scales with L and the system exhibits
finite-size scaling at criticality [3]. It may exist, however,
another possible “critical state” for the same theory in
finite-geometry. This is reached whenever it is possible
to tune the length scale L (which is now interpreted as
inverse temperature 1/T ), to a “critical” value related
to the renormalised coupling, such that the renormalised
correlation length diverges. Such a case would then de-
scribe a finite-temperature phase transition [4].
In the present note we quantify the above general re-
marks by studying the conformally invariant O(N) vec-
tor model in 2 < d < 4, in a hyper-strip geometry with
one finite dimension of length L and periodic boundary
conditions. Our tool for studying finite-geometry critical
systems is the OPE which, by probing short distances is
insensitive to the macroscopic size of the system. In the
case of the conformally invariant O(N) vector model, the
OPE of the auxiliary field λ(x) with itself in the finite-
geometry, should be consistent with the corresponding
OPE results in the bulk, which were studied in [5,6]. We
show that, consistency of the finite-geometry OPE with
the OPE of the theory in the bulk can be achieved in two
different ways which correspond to two distinct physical
states of the system: a) finite-size scaling at criticality
and b) finite-temperature phase transition. Our main re-
sult is a unified approach to finite-size scaling and finite-
temperature phase transitions based on CFT and OPEs.
As a by-product, we verify some old results of Cardy [9]
on the finite-size scaling of the free-energy density.
II. THE CONFORMALLY INVARIANT O(N)
VECTOR MODEL IN 2 < D < 4
This model is one of the most extensively used testing
grounds for ideas related to CFT and phase transitions
[5,7,8]. Its “effective” partition function, obtained after
integrating out the fundamental O(d)-scalar and O(N)-
vector fields φα(x) with α = 1, 2, .., N , reads
Z =
∫
(Dσ) exp
[
−N
2
Seff (σ, g)
]
, (1)
Seff (σ, g) = Tr[ln(−∂2 + σ)]− 1
g
∫
ddxσ(x) , (2)
where, σ(x) is the auxiliary O(d)-scalar field and g the
coupling. Setting σ(x) = m2 + (i/
√
N)λ(x), (1) can
be calculated in a 1/N expansion provided that the gap
equation
1
g
=
∫
ddp
(2pi)d
1
p2 +m2
, (3)
is satisfied. The leading-N inverse propagator of λ(x) is
Π−1(p2) =
1
2
∫
ddq
(2pi)d
1
(q2 +m2)[(q + p)2 +m2]
. (4)
A non-trivial CFT, to any fixed order in 1/N , is obtained
for 2 < d < 4 by tuning the coupling to the critical value
1/g ≡ 1/g∗ = (2pi)−d
∫
ddp/p2 [4]. Then, the mass or
inverse correlation length m ≡ 1/ξ = 0.
Putting the model in a hyper-strip geometry with one
finite dimension of length L and periodic boundary con-
ditions, does not affect its renormalisability in the 1/N
1
expansion [2,4]. Explicit calculations are now more in-
volved since the momentum along the finite dimension
takes the discrete values ωn = 2pin/L, n = 0,±1,±2, ..
and the relevant integrals become infinite sums. For ex-
ample, the gap equation and inverse λ(x) propagator read
respectively
1
g
=
1
L
∞∑
n=−∞
∫
dd−1p
(2pi)d−1
1
p2 + ω2n +M
2
L
, (5)
Π−1L (p
2, ω2n) =
1
2L
∞∑
m=−∞
∫
dd−1q
(2pi)d−1
[
1
q2 + ω2m +M
2
L
× 1
(p+ q)2 + (ω2n + ω
2
m) +M
2
L
]
, (6)
where ML is a mass or inverse correlation length param-
eter.
III. THE CFT RESULTS
Before studying the possible critical points in finite-
geometry, we recall the CFT results. The conformally
invariant OPE of the auxiliary field λ(x) with itself for
the theory in the bulk, has been studied in the 1/N ex-
pansion in a number of articles [5,6]. Here, we confine
ourselves to the leading order in 1/N where the OPE
reads
λ(x)λ(0) =
1
x4
+ gλ
1
x2
λ(0)
+
dΓ(12d)
pi
1
2
d(d− 1)CT
xµxν
(x2)3−
1
2
d
Tµν(0) + · · · . (7)
Only the most singular terms as x→ 0 are displayed on
the r.h.s. of (7) which, in general, receives contributions
from an infinity of operators [5,7]. CT is the normali-
sation coefficient of the two-point function of the energy
momentum tensor Tµν(x) and gλ is the coupling constant
of the three-point function 〈λλλ〉. Note that to leading-
N the dimension of λ(x) is 2.
As mentioned in the introduction, the finite-geometry
OPE of λ(x) with itself is expected to retain the bulk
form (7), when the system is at a conformally invari-
ant point. Then, finite-geometry corrections to the bulk
form 1/x4 of the λ(x) propagator are obtained from (7),
through non-vanishing expectation values of the opera-
tors in the r.h.s. In general, these expectation values are
unknown. However, using only the conformal invariance
of the critical theory, Cardy [9] showed that there exists
a relation between the expectation value of the diagonal
elements of Tµν(x) and the finite-size scaling correction
to the free-energy density f = − lnZ/V of the system at
criticality. Namely,
f∞ − fL = c˜
Γ(12d)ζ(d)
pi
1
2
dLd
=
1
d− 1 〈T11〉 = −〈Tii〉 . (8)
Here, c˜ is a parameter which characterises the specific
CFT model under consideration. It has been proposed
[10,11] to be a possible generalisation of the central
charge in d > 2.
Upon transforming the expectation value of (7) to mo-
mentum space [12] and inverting, we obtain by virtue of
(8) the inverse propagator of λ(x) in finite geometry as
Π−1L (p
2, ω2n) =
Kd
(p2 + ω2n)
2− 1
2
d
{
1− 4
(
1
2d− 2
)
gλ
p2 + ω2n
〈λ〉
− 2
d+2Γ(d− 1)
Γ(12d) Γ(2− 12d)
ζ(d)c˜
LdN
C
1
2
d−1
2 (y)
(p2 + ω2n)
1
2
d
+ ....
}
, (9)
where, n = 0,±1,±2, .., y = ωn/
√
p2 + ω2n, C
µ
ν (y) is
the Gegenbauer polynomial and the leading-N relation
[6] CT /N = dΓ
2(12d)/4pi
d(d − 1) was used. Kd is a d-
dependent constant whose value is not important here.
Our next task is to evaluate (6) and cast it in a form
suitable for comparison with (9). Also, care must be
taken so that ML satisfies the gap equation (5). The
calculational details are given in [13]. Our results show
that there are two ways for obtaining a large-momentum
expansion of (6) consistent with (9), which correspond to
two distinct physical states of the system.
IV. FINITE-SIZE SCALING
One way to obtain a critical theory in finite-geometry
is by tuning the coupling 1/g in (5) to its bulk criti-
cal value 1/g∗. Then, for the whole range 2 < d < 4,
the (renormalised) gap equation (5) has a finite solution
which gives the finite-size scaling of the inverse correla-
tion length ML ≡ M∗ ∼ 1/L as shown in Fig.1 (see also
[14]).
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FIG. 1. The finite-size scaling of M∗
2
Expression (6) can be evaluated for a general ML, but
for ML = M∗ it takes the simple form
Π−1L (p
2, ω2n) =
Kd
(p2 + ω2n)
2− 1
2
d
{
1 + 2(d− 3) M
2
∗
p2 + ω2n
+
22dΓ(12d− 12 )C
1
2
d−1
2 (y)M
d
∗√
piΓ(d)Γ(2− 12d)(p2 + ω2n)
1
2
d
Fd(LM∗) + ..
}
, (10)
Fd(LM∗) = 1− d
d
I0 − I1 , (11)
In =
∫
∞
1
dt
(t2 − 1) 12 (d−3)+n
eLM∗t − 1 . (12)
Consistency of (10) with (9) requires
〈λ〉 = − M
2
∗
(d− 3)
2gλ(
1
2d− 2)
, (13)
f∞ − fL = N
Md
∗
Γ(12d)
pi
1
2
dΓ(d)
(
d− 1
d
I0 + I1
)
. (14)
To obtain (14) we have used (8). One can show [13] that
(13) is consistent with known CFT calculations of the
coupling constant gλ and the OPE of the fundamental
O(N)-vector field φα(x) with itself [5,6]. On the other
hand, (14) is exactly what it is obtained from a direct
calculation of the finite-size scaling correction to the free-
energy density at criticality [15]. In particular, for d = 3
(14) reproduces the intriguing result c˜/N = 4/5 [15,16],
while for 2 < d < 4 a plot of c˜/N is depicted in Fig.2.
2.0 2.5 3.0 3.5 4.0
0.80
0.85
0.90
0.95
1.00
~c/N
d
FIG. 2. The parameter c˜/N for general 2 < d < 4.
It is important to mention that the relatively simple
form of (10) follows from a non-trivial cancellation that
takes place in the large momentum expansion of (6) for
ML = M∗ [13]. It can be shown that this cancellation is
related to the so-called “shadow singularities” cancella-
tions [17,5,6] and also to the gap equation (5).
V. FINITE-TEMPERATURE TRANSITION
The second way to obtain a finite-geometry critical
theory is by tuning the renormalised coupling to a cer-
tain value such that the inverse correlation length ML ≡
M∗ = 0. In the present case, this can only be achieved
for 3 < d < 4, since for 2 < d ≤ 3 the gap equation (5) is
divergent when ML = 0 [4], implying that the massless
phase of the theory is saturated. In other words, there is
no finite critical temperature for the O(N) → O(N − 1)
phase transition, in agreement with the Mermin-Wagner-
Coleman theorem [2,15].
When 3 < d < 4, the (renormalised) gap equation (5)
is satisfied forML ≡M∗ = 0 if the renormalised coupling
1
g
=
Γ(1− 12d)
(4pi)
1
2
d
md−2
∗
, (15)
is such that
1
Ld−2∗
= T d−2cr =
Γ(1− 12d)
2d−1Γ(12d− 1)ζ(d− 2)
md−2
∗
, (16)
for some “critical temperature” Tcr. The mass parame-
ter m∗ is related to the mass of the fundamental fields
φα(x) of the bulk theory [18]. This agrees with [19] for
3 < d < 4 and reproduces the leading-N critical tem-
perature for the O(N) φ4 theory in d = 4 up to an ap-
propriate normalisation of the φ4 coupling. Hence, the
critical theory now corresponds to a finite-temperature
phase transition.
Furthermore, the critical theory is also conformally in-
variant since for ML ≡ M∗ = 0, the inverse propagator
(6) has the large momentum expansion
Π−1L (p
2, ω2n) =
Kd
(p2 + ω2n)
2− 1
2
d
{
1 +
+
22d−3 Γ(12d− 12 )√
pi Γ(2− 12d)
ζ(d− 2)
[L2
∗
(p2 + ω2n)]
1
2
d−1
−2
2dΓ(12d− 12 )√
piΓ(2− 12d)
ζ(d)
[L2
∗
(p2 + ω2n)]
1
2
d
C
1
2
d−1
2 (y) + ..
}
. (17)
Indeed, (17) is similar to the conformal OPE (9). Consis-
tency then of (17) and (9) requires c˜/N = 1. This value
of c˜ corresponds to a free CFT of N massless scalars.
However, the critical theory under study is not trivial
since it is expected that c˜ receives 1/N corrections which
will alter the above leading-N value.
An important difference between (17) and (9) is that
the field λ(x) does not show up in (17) - instead the
“shadow field” of λ(x) appears, which has leading-N di-
mension d − 2. To this end, it is worth pointing out
that scalar representations of the conformal algebra with
dimensions η and d− η are equivalent in d > 2 [17].
3
VI. RESULTS AND OUTLOOK
In this note, we investigated the intimate relationship
connecting finite-size scaling at criticality and conformal
OPEs and we presented a method for calculating the
finite-size scaling correction to the free-energy density at
criticality from two-point functions. Also, we discussed
a critical point of the O(N) vector model in 3 < d < 4,
where the renormalised mass or inverse correlation length
is zero and argued that it corresponds to the physical sit-
uation of a finite-temperature phase transition. It may
be interesting to point out that the physical situation
of finite-temperature phase transition corresponds effec-
tively to a CFT in d − 1 dimensions, since critical fluc-
tuations with infinite correlation length do not “see” the
finite dimension.
Possible extensions of our work would be the study of
other conformally invariant models in finite geometries
for 2 < d < 4, such as the Gross-Neveu or CPN−1 mod-
els [20]. One could also consider other finite geometries
i.e. with two finite dimensions [21], where there is ev-
idence [22] that there exist interesting similarities with
two-dimensional CFT, at least for antiperiodic boundary
conditions.
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